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DEFINITIONS
For given positive integers » and k, and for a given real nondecreasing
sequence t := (¢,)7** with
t; <tin, all i,

denote by S; ¢ the linear span of the » normalized B-splines Ny ,..., N »
given by the rule that, for each ¢,

Niwt) := gt sy tigrs O(Eigr — 1),
the kth divided difference of
gils; 1) i= (s — i

as a function of s at the k - 1 points #;,..., ¢, . The elements of S, are
called polynomial splines of order k with knot sequence t.

Let © := (7,)7 be a strictly increasing real sequence. As is shown in [12],
there exists, for given f, exactly one s € S, , such that

s(r) = f(7), i=1,.,n,
if and only if
N #0, i=1,.,n
ie., if and only if
<7 <ty i=1,.,n 1)
Hence, assuming = to satisfy (1), the conditions

Pfe Sy, (PA)(rs) = f(r), i=1,..n 2
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define a linear map into S, ; which reproduces S, , . This paper is concerned
with bounding P as a map on C[t, , ¢,.x], 1.€., with estimating

|l Pfleo
Pl := R
I Pl= s L
where the sup is taken over all fe C[t,, t,.], and
1fllo = sup [f(D).
84 <t<tn

1. AN UppER BoOUND

Since Pf depends only on the n-vector ( f(7;))} and since, given any n-vector
()7, there exists f'e C[#, , t,.;] such that

f@)=fi, i=1.,n  whie [fle=1f)lo,
it follows that

Pl = sup I AN/ 1 f oo = sup | P o/ AN -

But then, since (Pf)(r,) = f(7,), i = 1,...,n, whileran P = S, ;, it follows
that

I P|l= sup s o/ I1(SCTY oo -

Writing the general element s of Sy, in terms of its B-spline representation,
this gives that

| Pl = sup | oV
j

[max | 3 aN,a(r)
© 7
By [1], there exists a positive D, depending only on k such that

Dt lals, < <, all a € R~

0

2 a;N;
3

Since

Sup I8 llo/max | 3 a;N;a(rd| = IVar) o

we therefore obtain the estimate

DG w < Plo < UG oo,
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showing that bounding P in the uniform norm is equivalent to bounding
below the # X n matrix

G := (Nj,k(Ti))?,9'=1 1

with respect to the matrix norm associated with the max-norm for vectors.
This proves the following.

LemMMA 1.1. As a linear map on Clty, t,,;], the map P of spline inter-
polation given by (0.2) satisfies

D167 lo <N Ple <167l

Jfor some positive constant D,, depending only on k, and with G the Gramian
matrix (1).

Finding a lower bound for a matrix, i.e., an upper bound for its inverse, is
in general very difficult. In this particular case, one would expect some help
from the fact that G is totally nonnegative, i.e., G has all its minors
nonnegative, as is shown in [6; Chap. 10, Theorem 4.1]. But the only use I
have been able to make of this fact has been in the form of its simple con-
sequence that all (n — 1)-minors of G are nonnegative, hence G~ is a checker-
board matrix. This implies (see [2; Lemma 2.4])

LemMmA 1.2, Let D := ((—1)!8;), with 6, the Kronecker delta. If, for
some n-vector ¥,

,min (DGD)(i) > O,
then
1Y llo/max (DGD)() < || 67 o < || ¥ |lo/min (DGD1Y)()-
For given n-vector v, set
a:=Dy.
Then || aile = v |l , While

(DGD¥)(i) = (DGa)i) = (=) ¥, a;N; ().

Lemmas 1.1 and 1.2 have therefore the following Corollary.

640/14/3-3
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COROLLARY. If s €Sy, has B-spline coefficients a and satisfies

s(r9) s(r441) <0, i=1,.,n—1,
then

I Pl <1 aflo/min | ().

Finally, from [4], if s = }; @;N; ; and 7; € (¢;, t;,,) (as we assume) then

E-1

a; = sr) + L (77 YE7 ) sOm
with

bat) i =tz — 1) (s — Ok — 1),

hence
@ — ¥ (7 Y0 9 = s, )

which is of help in relating the vectors a and (s(r;)) or, equivalently, in
computing the entries of G.

2. A Lower Bounp

There is no hope of bounding P independently of <. For one, one would
expect || P|| to blow up as v approaches a sequence violating (0.1). For
another, || P is guaranteed to approach infinity as two consecutive inter-
polation points approach each other (t being held fixed). For, in this situation,
the interpolation process approaches osculatory interpolation at the limit
of the two interpolation points. But such a process cannot be bounded in the
sup-norm since derivative evaluation cannot be bounded in the sup-norm.

In order to make this last argument precise, and for further guidance, I
prove the following.

LeMMA. Let r be a positive integer less than k and assume, for simplicity,
that
t; <tirirs all 1.

Then, fori =1,....n +r,

(072 il P

For—D ] = consty,, di of(Tir — T2)

| Pe=D | := sup
f

with
dipi=min{t; o, — (G5 Les) O (75, Tigr) # D).
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Proof. Let a be the coordinate vector for (Pf)™1 e S,_,,;.. with respect
to the B-spline basis. By [1], there exists D;_,,; > 0 depending only on
k —r 41 so that

Ditillale <I®H" Vo <llale,
while (see, e.g., [3; (1415}

n-+r

PN =k —r) Y R e -
= bier — 47
Hence, for v, <t < 7145,
(PHPMD] < (e — rymax BN (1) £ 0
v — &

< (k - ")2 ”a”m/dz‘.r-

But then
[f[Tz ERRRS] Ti+r]| = I(Pf)[Tl EEERE] Tz’+’r]l
< sup (PN ()/r!
S (kK — 1) 2Dy iy IPHT [lof(r! di ).
Therefore,
r—1 r— dz‘,'rr! |f[Tz 3eeey Tz'—H‘]I
Sl;P ”(Pf)( ) ”w/“f( D ”oo > (k _ r) 2Dk—r+1 Sl:p Hf(r—.l) Hw =

But this last supremum can be shown to be at least

2

r! ('ri+r - Ti)

which is obvious for r = 1 and is proved for r > 1 as follows:

Flrivee mead = [ @i i 7ian s D Fs) dflr — 1)1

—_ f‘rﬁr (d]ds) g(Ti yeees Togr 3 8) FEI() ds)(r — D!

since g,(T; ;...» Tiyr 5 ') 18 @ B-spline of order r with knots =;,..., 7;,, (see
Section 0), hence vanishes at =; and 7., . Further [5; Theorem 1],

(d|ds) g(Ts sues Tinrs )
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changes sign exactly once in [7;, 7;,,], at £* such that

max  gu{Ti,.. Tir s 5) = gTiny Titr » t*).

Ti<SSTiygp

Hence,

f v l(d/dS) gr(Ti seees Tidr s S)l ds = 2gr(7'z' seers Titr 5 t*)-

i

But since
Titr
f 8T s Tivr s 8)ds/(r — D! = 1/r!
we must have

1
max Tigeers Tinp 3 8) = —————
"'i<~"<"i+r gr( PEIREE IR &= 2 ] ) = r(Ti+r — Tz‘)

Consequently,

sup bz e — 1™ \qds) g ri i 91 il — D!
2

! (Toer — 7
and the asserted lower bound for || PV || follows with
consty , 1= (k — r)™ D,y - Q.E.D.

The case r =1 of this lemma shows that there is no hope of bounding P
unless = is tied very closely to t in such a way that A, being “small” implies
that #;,,, — ¢; is “small” for some ¢; “near” 7,. Consider, in particular,
odd-degree spline interpolation at knots (without the use of boundary deriva-
tives), i.e.,

k=2m

for some me N, and
Tmyi = tk+i > i = 1,..., n — k,

while the first m 7,’s are chosen in [t; , #4,1) and the last m 7.s are, similarly,
chosen in (¢, , f,,1]. If kK > 2, then we can make the norm of this process
arbitrarily large (even for fixed n) merely by letting two consecutive knots
(and interpolation points), =; and 7;,, say, approach each other. For, this
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will decrease 7,,, — 7; to zero while not materially decreasing #;.;_, — #; for
any j. Note that Nord’s example [11] shows only the unboundedness of cubic
spline interpolation as n approaches infinity.

If the knot sequence t satisfies

1< ti+7c—r H all i,

for a given integer r, then, by restricting P to C"1[t, , t,,], we can consider
the map P~V which associates f " € C[t, , t,,.] with (P/)" Ve S, _,;,1e.,

Pr-b flr-1) — (PF)r-1), all fUrVeClty, tasl
The lemma shows that P cannot be bounded in the sup-norm unless

Livie—r — 15

m?x min s tiar) N (75, Tipr)) #* @ 1)

Titr — T3

can be bounded. For the case of odd-degree spline interpolation at knots
mentioned before, this means that P"-1) cannot be bounded in the sup-norm
independently of t unless k — r < r. Since, for reasons to be given elsewhere,
P9 cannot be bounded in the sup-norm independently of t for s > m, this
leaves P™-1 and P'™ as the only candidates. In the case £ = 4 of cubic
spline interpolation at knots, i.e., when m = 2, these two are indeed known
to be bounded independently of t (as can be deduced from [13]). For &k = 6,
Ptm has been shown to be bounded independently of t in [2]. But the question
of bounding P*/% or P**/2-1 for arbitrary (even) & is still wide open.

Finally, we note that the lower bound given in the lemma is far from strict.
For, this bound can be bounded above in terms of the local mesh ratio
whereas, e.g., in cubic spline interpolation at knots, P is known [8] not to be
boundable in terms of the local mesh ratio.

3. AN UpPER BOUND FOR CUBIC SPLINE INTERPOLATION AT KNOT AVERAGES

In [9], Marsden treats in detail the case & = 3 of quadratic spline inter-
polation. He shows that, with the choice

T; = (L + ti2)[2, i=1,.,n, )]

| P|| is bounded by 2 regardless of t, surely a remarkable result. Marsden
further conjectures that in the case k = 4 of cubic spline interpolation, the
choice

7s = (tigr + tia + tigs)/3, i=1,.,n

results in P which can be bounded in the sup-norm independently of t.
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Marsden was apparently led to this particular choice because of his joint
work with Schoenberg [10], [7], in which the very simple linear map V, given
by the rule

V= Zf(fuc) N
with
Tig = (g T+ o) /(K — 1), i=1,..,n

is shown to be variation diminishing. Note that, for this choice of +;’s and
for r == 1, the quantity in (2.1) becomes k — 1 since 754y — 7; = (tiy —
t;,1)/(k — 1). This means that, for this choice, the lemma in Section 2
produces the lower bound D2, for || P|| .

Before proving Marsden’s conjecture with the aid of the corollary in
Section 1, I want to derive in that way a bound for parabolic spline inter-
polation at knot averages in order to illustrate the procedure.

Choosing & = 3 and Marsden’s interpolation nodes (1), (1.2) becomes

a; + §(dt;11)* s"(;) = s(ry),

or, with

s"(t)y=2 Z ( t_Aai_l —_Aa )/At,» N;a(0)

j+2 — b liyg — tia

(see [3; (1D-(15)D,

Aai Aai_l .
a; -+ Aty (’i+s — T T T, ) / 4 = s(r;)
or
1 Aty At 1 1
4ty — b Gt (1 ! ( Livg — 14 + tig — Lig )) %
=+ 1—-4£ﬂ— @iy = $(73)

4 tin — tigy

which shows G to be tridiagonal and column diagonally dominant, but,
unfortunately for us, not necessarily row diagonally dominant. In the terms
of the corollary in Section 1, this means that the simple choice

a; = (—1);, all 4,

will not give s(r;) s(r;,.;) < O for all i and all t.
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Consider now the choice

B ; Aty ,
a; = (—) (1 + T;::T)’ all , @
so that
lalle <2
Then

At (l i\ At; t )

Lits —

(Y str) > — %
A, ar,
* (1 N ZH ( Live 1—‘ L + Livg l Ly ))(1 + —lratil—tz_)
3

Atiq (l +- Atiys )

Livg — lig

=1+ t::’i*_ltl

- 4(,:':"2 ) (1+ IMAE ot T?;—Lr)

- 4(t,.+3A t—iﬂtm) (1 + tHgA ij T 1+ t:.:ti:l t,-)
=1+ Ti%lT - g“tm ( tive 1— 1 tirs l tm)
=:f(4, B)

where, with

A= A/, , B = d¢,/4¢,,,,

1 3 1 1
f(A’B)=1+A+B+l_Z(]+A + 1+B)'

But, for nonnegative A4, B,

 A+B+2 3 A+ BE2
S4B =TT A @ T DELD

_A+B+2(1_§ A+ B4 1 )

T A+ B+1 4 (4F+DB+D

A+B+21_1
“A+-BF14° %
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since, for AB> 0,4 + B+ 1 < (4 + 1)(B + 1). Note that (0, ) =},

hence the lower bound of } for f(4, B) on A = 0, B > 0 is sharp.
In conclusion, for the choice (2) for a,

(=)s(r) =4,  while [al,<2;
hence, from the corollary in Section 1,
IPI<38
in this case. This should be compared with Marsden’s result that
Pl <2

Now for the main point of this paper.

THEOREM. Let P be the linear map of interpolation by elements of S, at the

points of © = (7). If

Ty = (tz'+1 + tie + ti+3)/3’ i=1l.,n
then
Pl < 27.

Proof. For this choice of k£ = 4 and the specific 7,’s, (1.2) becomes

a; — Mty — 1) tive — 7)) + i1 — T (tizs — 70
+ (tize — T)(tiys — 7} 8"(72)

— 3(tisa — ) tise — T tins — ) 5(7) = s(72).

‘With the abbreviation

@ . ( da; 4 da;_, ) /
a? = — tiss — 1
! livs — 4 Liys — tia (s i)
we have
(2)
” (2) " Aaa’-l
s"=6) a;”N; and s" =6 N; ;.
zj: J 7,2 ; At:; 7,1
Hence, assuming without loss that
Aty < Aty therefore 7 € [f;4, tisal,

we find that
5"(rg) = 605‘2)]\7 2(7d) + 6“5%-)11\7 1,27,
s"(r) = 6Aa§2)/Ati+1 .

©)

@



BOUNDING SPLINE INTERPOLATION 201
On substituting this into (3) and simplifying, we obtain
a; + a?’(’nz — 1)t + az(-z+)1(7'i — i)’ dt = 5(7).
Now set
a=(—)Vy, al j

for some positive v still to be determined. Then we obtain, more explicitly,
that

. . . . e — T,)3
(=) () = y; + ( Yi T Vi 4 Vit + ')’z—z) (fire ”Z) /At,~+1

lisg — & Livo — ling Livg —

(et g vt ye) Gl gy,

Livg — Lin Livg — 4 Lirg — tin

an expression to be bounded below by some positive quantity. In fact, with
the choice

yo= (1 + 2= g

Liyg —
we have || al, < 2, and
(=) s(r;) = 2/27, all i, 6)

which, by the corollary in Section 1, finishes the proof of the theorem.
Unfortunately, I have been unable to come up with an elegant proof of the
inequality (6). Instead, I had to follow the following procedure:

() Replace the term (y;_; + ¥:—s)/(!;+2 — t;_;) in the right hand side
of (5) by zero, thereby obtaining a lower bound for (—)* s(7;).

(ii) Multiply the resulting expression by 27, then subtract 2. It remains
to prove the resulting expression nonnegative.

(iii) In the resulting expression, use the abbreviations

A= 4t)4e,,,, C:=41,,,/41;,,, D= 41,544,
E:=1+C = (tiy3 — ti)dt; 4

bringing it into the form

27y; + (y: + yi-1) coef;_y + (y; + yiyq) coef;y — 2 )
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with sy L g
coefi_lz((]:_A) _J —2 ) )/(A+E)
coef; | = — (ILEEK/(E + D).

Note that our earlier assumption (4) translates into
I1<E<L2 8)

hence (7) has to be shown to be nonnegative on 4, D > 0,1 < E << 2.
(iv) Verify that both coef; ; and coef;,; are always negative, hence
replace without increase in (7)
y; +vi, by the larger expression 3 + 1/(4 + E + D)
and

Yi + Yin by the larger expression 3 + C/{(4 + E + D).

(v) Bring the resulting expression on one denominator, using the
further abbreviation

F:= A + D.

The denominator is then positive on 4, D > 0, 1 < E < 2, while
the numerator is a polynomial in 4, D, E, and F whose coefficients are given
in the following table:

1 A D AD A? DA D> (1+A)yF* (1+A)ADF
E® -3
E? 10 —10 —6
Es 1 39 26 —12 —10 -3
E3 -9 -9 —17 67 48 18 -3
E? 1 —10 6 —14 —27 52 —36 16
E —17 —4 12 —7 24 -9 25

1 1 -1 -1 1 -3

(vi) Verify that, on 1 << E < 2, each of the 9 polynomials in F listed
in the above table is nonnegative. As it turns out, all of these polynomials are
strictly positive on [1, 2] except for the one multiplying D?, the polynomial

E(24 — 36F - 18E? — 3E3)

which decreases from a value of 3 at 1 monotonely to a value of 0 at 2.



BOUNDING SPLINE INTERPOLATION 203

It follows that, for 4, D, and F nonnegative, the numerator is nonnegative,

thus proving (6); Q.E.D.

In view of the fact that I obtained above a bound of 8 in the parabolic case

when actually the norm is at most 2, it seems likely that, in the cubic case,
the norm is at most 3 or 4 rather than the proven 27.

th

At this point, it is easy to conjecture that kth order spline interpolation at
e averages of k — 1 successive knots is bounded as a map on Clt;, f,,4]

independently of t. It is also easy to see that a proof of this conjecture is not
likely to be a straightforward generalization of the above procedure.

10.

11.
12.

13.
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